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DOI 10.1002/aic.12314
Published online June 17, 2010 in Wiley Online Library (wileyonlinelibrary.com).

In this work, we present a method for the online estimation of particle size distribu-
tions in layering granulation processes using a methodology known as model-based
measurement or state estimation. After presenting the necessary model equations for
two practically relevant processes it is investigated which quantities of the processes
have to be measured to estimate the size distribution. For the different processes
square-root unscented Kalman filters (SR-UKF) are designed and tested in simulations
to demonstrate the feasibility of this approach. VVC 2010 American Institute of Chemical

Engineers AIChE J, 57: 929–941, 2011
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Introduction

In many particulate processes, the particle size distribution
is of paramount interest to assess the process success and the
necessary downstream processing of the product (e.g., sepa-
ration or drying). Industrial requirements, for example from
food and pharmaceutical industries, give rise to the need to
influence the particle size distribution directly, for example,
by feedback control. Modern feedback control methodologies
often require the knowledge of the current ‘‘state’’ of the
process under consideration — in case of particulate proc-
esses this includes the particle size distribution.

Currently there are few measurement systems available
that allow the online measurement of chord length distribu-
tions, for example, the FBRM probe by Lasentec or the IPP-
70 by Parsum GmbH. Using fibre-optical methods and a
geometric model for the particles a chord length is deter-
mined for each particle that enters the measurement volume.
In applications this approach faces at least two severe prob-
lems: First is the measurement of particles (or agglomerates)
that do not fit into the geometric model, second is the deter-
mination of a particle size distribution from the obtained
chord length distribution. While, a partial solution to the for-
mer problem requires extensive process-specific calibration of
the probe, the latter states a highly ill-conditioned problem of
inverting the measurement map because of the corruption of
the measurements by noise. In case of the often applied FBRM
probe Kail et al.1 proposed an inversion method that utilizes an
optical model of the lenses in the probe.
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Additionally, detailed mathematical models — mostly
based on the population balance approach introduced by
Hulburt and Katz2 and brought to a wide audience by the
work of Ramkrishna3 — for the analysis of the dynamical
behavior have emerged and experimentally validated. This
leads to the question why not to use this mathematical pro-
cess models to gain additional process information from
(more easily obtainable) online measurements?

One possible approach is the use of model-based measure-
ment methods, also known as state observation or state esti-
mation techniques. They allow — under certain conditions
— the online reconstruction of not directly measurable quan-
tities from directly measurable noisy quantities. The concept
was introduced by the works of Kalman4 and Luenberger5 in
the 1960s–1970s for linear systems and extended to nonlin-
ear systems in the following decades.6–10

In the area of chemical process engineering several
successful applications of state estimation schemes are
available, see for example Zeitz,11 Aguilar-López and Maya-
Yescas,12 Bastin and Dochain,13 and Mangold et al.14

We will apply one particular method — the square-root
unscented Kalman filter — to two practically relevant granu-
lation processes: a batch granulation process and a continu-
ous granulation with external classification and particle
reflux. In this first of two parts, we will present the theoreti-
cal considerations that come with the setup of a model-based
measurement system, in the second part, we will present the
experimental results obtained using the method presented
here.

In this work, we will concentrate on the determination of
suitable measurements (by means of a structural observabil-
ity analysis) and the design of a suitable square-root
unscented Kalman filter, SRUKF for short. In doing so, we
will point out some practical guidelines for the setup of the
SRUKF.

This article is structured as follows: After a short over-
view on the principles of model-based measurement the two
example processes are described and their mathematical
models are summarized. Then the SRUKF methodology is
described and for both processes an estimator is designed.
This work concludes with a presentation and discussion of
the simulation results with respect to measurement and
model uncertainties as well as real-time constraints.

Principles of Model-based Measurement

The general structure of a model-based measurement
scheme can be summarised as follows: A dynamical process
model (in the form of mathematical equations) is simulated
in parallel to the real existing plant. Inputs to the plant are
fed identically to the simulation model, and (suitably chosen)
measurements obtained from the plant are also calculated
from the state information of the simulation model. In the
absence of model errors, exogeneous disturbances and identi-
cal initial conditions of the plant and the simulation model,
this configuration is able to reconstruct the state information
of the plant from the available plant measurements. How-
ever, the initial conditions are almost never exactly known
and model errors or exogeneous disturbances are in most
processes inevitable. Using the configuration just described
would lead to erroneous results.

Augmenting the configuration by a correction term that
depends solely on the plant measurements, the simulated
measurements from the mathematical model, and the sys-
tem inputs results in the so called Luenberger structure
of a state observer, see Figure 1. If a system is observ-
able (under a certain set of measured quantities) then the
correction term can be designed such that if the differ-
ence in the measurements tends to zero the state of the
simulation model converges to the (unmeasurable) state
of the plant.

In the following, we will call a system observable if it
complies to the following

Definition. A dynamical system in state-space representation

x0ðtÞ ¼ f ðxðtÞ; uðtÞÞ; (1)

yðtÞ ¼ hðxðtÞ; uðtÞÞ; (2)

where x 2 RN denotes the state of the system, u 2 RU are the
inputs to the system, and y 2 RM represent the measurement
information, is said to be observable if the state x(y) at a given
time y is completely determined by the knowledge of the
inputs u(s) and the outputs y(s) over a finite time segment t0\
s � y.15 For general nonlinear systems, this is only true for a
certain set of initial conditions x0 and inputs u(t). These
systems are called locally observable.16

The test whether a given set of measurements is suitable
for state estimation purposes or the determination of quanti-
ties which have to be measured in order to reconstruct the
state profiles is called observability analysis.

As the algebraic criteria for observability17 of high-dimen-
sional nonlinear systems are very hard to verify, we limit
ourselves to a structural observability analysis18,19 based on
the linearisation of the process model.

If a system is structurally observable then there exists an
observable system with the same structure. Although the test
does not provide specific information about the system at
hand, it tells that it is not unobservable and therefore a state
estimator can be designed.

The actual design process depends on the methodology
used. The design of the estimator chosen for this work will
be described in detail in a subsequent section.

Figure 1. Observer structure as introduced by Luen-
berger; u denotes the inputs to the systems,
y is the plant measurement, ŷ is the observer
measurement.
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Process Description

This section is a summary of the description and mathe-
matical modelling of the two particulate processes under
consideration: first is a fluidized bed batch spray granulation,
the second is a continuous spray granulation process with
external classification and particle reflux as investigated by
Heinrich et al.20 and Radichkov et al.,21 amongst others.
Although, the first process gives the possibility for compari-
son with state estimation schemes in other particulate proc-
esses (e.g., crystallisation14), the second application serves
two purposes: (1) to show the generality in use of the chosen
state estimation scheme and (2) to provide the first applica-
tion of model-based measurement to a continuous granula-
tion process with particle reflux.

Fluidized bed spray granulation

Fluidized bed spray granulation is used to create dustless
free-flowing powders from a liquid suspension. This suspen-
sion is sprayed on small particles and (externally supplied)
nuclei inside the apparatus. Drying of the suspension on the
particle surface then leads to a growth of the particles.
The most interesting property for this granulation process is
the particle size n of the particles. In the following, it is
assumed that the dominating particulate process is the
growth in particle size because of layer formation on the sur-
face, that is, aggregation and breakage phenomena are
neglected. The influence of these phenomena can be limited
by suitably chosen operating conditions, see Ennis et al.22

The suspension is fluidized by air and kept in a well-
mixed state. In a batch configuration a certain initial distri-
bution of particles and a certain flux of nuclei is supplied. A
simplified schematic of this process can be seen in Figure 2.

Under the assumptions of a well-mixed system, a popula-
tion balance approach leads to a population balance equation
for the time-varying particle size distribution density n(t,n):

@n

@t
¼ � @ðGnÞ

@n
: (3)

In this equation, G describes the growth of the particles
because of the spraying of a suspension with density .s and a

mass flow rate Msus. Under the assumption of surface-propor-
tional growth of spherical particles,23 G can be described by

Gðt; nÞ ¼ 2
Msus

.sAbedðt; nÞ ; (4)

Abedðt; nÞ ¼ p
Z1
0

n2nðt; nÞ dn: (5)

As can be seen the growth rate is size-independent.
Because of the nonlinearity of G (with respect to n) the pop-
ulation balance equation is nonlinear. Additionally, initial
and boundary conditions have to be specified, for example,

nðt0; nÞ ¼ wðnÞ; (6)

Gðt; nÞnðt; n0Þ ¼ jnucðt;MnucÞ: (7)

The quantity jnuc describes the flux of nuclei that enters
the system with a mass flow rate Mnuc. The flow rates Msus

and Mnuc can be considered as inputs to the batch granulator
(e.g., for control purposes).

The general behavior is qualitativly given by a nonlinear
transport of the initial particle size distribution density
n(t0,n) along the property coordinate n, as seen in Figure 3.
For a detailed analysis of the behaviour of such nonlinear
transport systems, see for instance Evans.24

Continuous fluidized bed granulation with external
classification

The continuous process consists of a spray granulator
as described above but with a continuous external feed and
outlet of particles. The outlet flux is screened: The oversized
particles from the first screen are milled to a size nM and
refed into the granulator, the undersized particles are
screened once more. Here, the oversized particles are kept as
product, whereas the undersized particles are also refed into

Figure 2. Simplified schematic of a batch spray
granulator.

Figure 3. Qualitative behavior of the particle size distri-
bution density in a batch spray granulation
process.
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the granulator for further growth. A flowsheet of this process
is depicted in Figure 4.

This process system was extensively investigated by Heinrich
et al.20 and Radichkov et al.21 concerning the dynamic behav-
iour. A population balance equation for the particle size distri-
bution density — under the assumptions of well-mixedness,
and spherical particles with the property coordinate n — reads

@n

@t
¼ � @ðGnÞ

@n
þ ð1� TlÞð1� TuÞ � 1½ �KnþMdðn� nMÞ;

(8)

where K is an outlet kinetics (controlled for a constant bed mass)
and T is a sieving operator and M is the milling operator for the
mill. They are given, respectively, by the following equations:

K ¼ 1�minð1;mbedðt0Þ=mbedðtÞÞ; (9)

Tl=uðnÞ ¼ 0; n � nl=u
1; n > nl=u

�
; (10)

M ¼ Mnuc

mnuc

: (11)

The growth kinetics is again given by Eqs. 4–5. As was
shown in Radichkov et al.21 the process exhibits different
dynamic behavior depending on the value of the milling di-
ameter nM: For a certain range a steady-state distribution is
attained, but for a large parameter range the system exhibits
sustained oscillations in the particle size distribution density.

Typical examples for both regimes are shown in Figures 5
and 6.

Design of a State Estimator for the Particle Size
Distribution Density

The task of designing a state estimator consists of two
steps: At first a suitable set of measurements has to be deter-
mined, and second the estimator itself has to be calculated
following the necessary steps of the methodology chosen.

We will show in the next subsection — by structural
observability analysis — that in both processes any measure-
ment of a (normalized) moment of the size distribution den-
sity satisfies the necessary conditions for observability. Using
one specific measurement, the average particle size, a
square-root unscented Kalman filter is designed for the
dynamic reconstruction of the particle size distribution den-
sity from this scalar measurement.

To use the concepts introduced earlier, the model equa-
tions of both processes, described by partial differential
equations, have to be put into the finite dimensional state-
space framework. For this the partial derivatives with respect
to the property coordinate are approximated, for example, by
a first-order finite volume method using an upwind scheme
for the convective parts of the model. The integral for the
bed surface Abed is also approximated. Here, a composite
tangent trapezium rule is used.

The model equations can then be written as

dn

dt
¼ �GDNnþ fðnÞ þ gðnÞu; (12)

G ¼ 2
Msus

.sphw2;ni ; (13)

which is of the desired form. Here the (regular) matrix
DN 2 RN�N is a finite dimensional approximation of the
derivative operator q/qn. The integral approximation hw2,ni is
a short hand for

Figure 4. Flowsheet of a continuous spray granulation
with external classification.

Figure 5. Qualitative behavior of the particle size distri-
bution density in a continuous spray granula-
tion process for a milling diameter nM that
leads to a stable steady-state distribution.
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hw2;ni ¼ wT
2n ¼

XN
i¼1

w2;inðt; niÞ

¼
XN
i¼1

n2i nðt; niÞDni (14)

using the standard Euclidean scalar product of two finite
dimensional vectors. In general, we introduce the notation

hwk;ni ¼ wT
kn ¼

XN
i¼1

nki nðt; niÞDni (15)

for the approximation of the kth moment (k � 0) of a given
distribution density n.

In case of the batch granulation process f(n) : 0 holds.
For the continuous granulation process with external classifi-
cation it is

fðnÞ ¼ ð1� TlÞð1� TuÞ � 1½ �KnþMdðn� nMÞ; (16)

and g(n) describes the influence of the boundary condition on
the ni (i ¼ 1,…,N).

By choosing a large number of grid nodes for the discre-
tised property coordinate the (pointwise) error between the
solution of the original problem, stated as a partial differen-
tial equation, and the approximate problem, stated as a sys-
tem of nonlinear ordinary differential equations, can be
made sufficiently small.

Observability Analysis

As was motivated, the actual computation of the observ-
ability map for high-dimensional systems is not tractable.
Therefore we limit ourselves to a structural observability
analysis. We will investigate this observability property for
two families of scalar measurements: yk ¼ lk the kth unnor-
malized moment of the particle size distribution density, and

~yk ¼ lk=l0 the normalized or averaged kth moment. Using
the introduced notation these measurements can also be
expressed as

yk ¼ hwk; ni; ~yk ¼ hwk; ni
hw0;ni : (17)

In the following, we will treat the observability analysis for
both processes and both measurement families simultaneously.

We start with an investigation of the output-connected-
ness: In case of yk ¼ hwk,ni the measurement is linear with
respect to the approximated size distribution n, therefore the
structural matrix Cs,k (in this case just a row vector) can be
obtained by inspection. As all weights wk,i = 0 it follows
Cs,k ¼ [1,…,1], that is, all model states have direct influence
on the measurement and the process is output-connected. As
this property does not depend on the dynamics of the model,
it holds for both processes.

In case of ~yk ¼ hwk;ni=hw0; ni — which is nonlinear in n

— at first the linear approximation has to be obtained. A
straight-forward computation yields

~yk ¼ 1

hw0;ni2
wT

k hw0; ni � hwk;niwT
0

� �þ h:o:t:: (18)

Evaluating the scalar products and simplifying the terms in
square brackets shows, under the assumption that n is not identi-
cally zero for all times, that every entry of the row vector is not
identically zero. Therefore, the structural matrix ~Cs;k has the
form ~Cs;k ¼ ½1;…; 1�, and output-connectedness for both proc-
esses under this family of measurements follows immediately.

Now we will investigate whether the processes under con-
sideration also possess the property of noncontraction.

From Eq. 4 it can be seen that the growth rate G is non-
zero for all relevant applications. G vanishes only in case of
an infinite bed surface (never attained in practice) or in case
of Msus ¼ 0, which is contradictory to the aim of the process.

The linearization of the convective term in Eq. 12 can be
obtained by application of the product rule:

F ¼ @

@n
�ðDNnÞG½ � ¼ � @

@n
ðDNnÞGþ ðDNnÞ @G

@n

� �
: (19)

A similar computation using the definition of the growth
rate yields

@G

@n
¼ �xTG; (20)

where the entries of x are given by xi ¼ w2,i/hw2,ni = 0.
Using standard results of multivariable calculus this leads to

F ¼ �DN IN � nxT
� �

G; (21)

where IN denotes the N � N identity matrix.
From this follows immediately that the structural matrix

Fs has a diagonal of ones as a result of the regularity of DN ,
in fact — because of the structure of G — it can be shown
by evaluation of the expression above that there are no zero
entries in the structural matrix. The s-rank of such a square
matrix is by definition equal to the number of columns N.

Figure 6. Qualitative behavior of the particle size distri-
bution density in a continuous spray granula-
tion process with a milling diameter that
leads to sustained oscillations in the size
distribution.
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As both processes contain this convective term and the
additional term f(n) of the continuous process does not erad-
icate nonzero entries from the structural matrix Fs, they are
output-connected and noncontracting under the two measure-
ment families, and therefore structurally observable.

Remark: The analysis neither depends on a certain number
of grid nodes used in the discretization nor on a special dis-
cretization scheme as long as the form (12) is obtained.
However, the analysis does not point out which measure-
ments are practically useful as it depends on the sensitivity
to changes in the size distribution. This has to be checked
additionally, for example, in simulations, or can be inferred
from the process conditions.

The Square-Root Unscented Kalman Filter

The square-root unscented Kalman filter (SRUKF) is a de-
scendant of the Kalman filter that allows the estimation of
states in linear systems from noisy measurements. The roots
of this technique — and its mathematical foundations — can
be traced back to the early work of Gauss and Bayes (for a
historical overview see Sorenson25). Although the Kalman
filter provides an optimal estimate of the mean and the var-
iance of the states this is no longer true for nonlinear sys-
tems. The extended Kalman filter (EKF), which is often used
in industrial applications, uses a linearisation of the nonlin-
ear process to calculate the state correction term and can
only give a first order approximation of the variance of the
states. In case of highly nonlinear processes that are only
poorly described by their linearisations the filter is known to
diverge, which makes it unusable for control purposes.

The SRUKF uses a technique known as unscented trans-
form introduced by Julier et al.26 to gain higher order
approximations of the estimates and to reduce the possibility
of divergence of the filter because of nonlinear effects.

We will now describe in more detail the general idea
behind the SRUKF.

Description

Given a nonlinear time-invariant dynamical system in
state space representation

x0ðtÞ ¼ f ðx; uÞ þ v; (22)

yk ¼ hðxk; ukÞ þ wk; (23)

where x 2 RN denotes the state of the system, yk 2 RM is the
measurement at consecutive times tk, (k � 0), v � N(0,Rv)
denotes the white process noise with zero mean and spectral
density matrix Rv, and the normally distributed measurement
noise w � N(0,Rw) with zero mean and covariance Rw. It is
assumed in the following that v and w are uncorrellated
random variables.

Because of the influence of the noise terms v and w on the
states these are no longer deterministic but also random varia-
bles with a certain mean and (co)variance. The main idea of
the unscented transform is to propagate the distribution through
the process nonlinearity f and then calculate an approximation
of the new mean and covariance. This is in contrast to the
EKF, which approximates the nonlinearity and then propagates
the mean and covariance by this approximation.

According to the work of Julier and co-workers,26,27 a
state estimate x̂ of the unknown state x can be reconstructed
by a predictor-corrector approach. We will use the square-
root modification of the unscented tranform by van der
Merwe and Wan28 which has better numerical properties:

Initialization. The observer state x̂0 is set to the initially
guessed values. From this the matrix square root of the covar-
iance matrix, S0, is calculated by a Cholesky decomposition:

x̂0 ¼ Efx0g; S0 ¼ choleskyðP0Þ: (24)

For the simulations P0 is calculated by the dyadic product
of the differences between model and observer state. To
maintain positive definiteness a small multiple of the identity
matrix is added.

Prediction. For every measurement time step k ¼ 1,2,…
a finite number (2N þ 1) of sigma points (points in state
space that capture the mean and approximate the variance of
the statistically distributed variables) Xk are chosen. These
are then transformed by the nonlinear process model. A pre-
dicted state x̂�k is calculated from the transformed sigma
points as a weighted mean. Also the new covariance matrix
root S�k is predicted. Afterwards new sigma points are gener-
ated to incorporate the potential process noise and a pre-
dicted measurement ŷ�k is calculated from the measurements
generated by these sigma points:

Xk�1 ¼ x̂k�1; gSk�1 þ x̂k�1; �gSk�1 þ x̂k�1½ � (25)

Xkjk�1 ¼ f ðXk�1; uk�1Þ (26)

x̂�k ¼
X2N
j¼0

w
ðmÞ
j Xj;kjk�1 (27)

S�k ¼ qr

ffiffiffiffiffiffiffiffi
w
ðcÞ
1

q
ðX1:2N;kjk�1 � x̂�k Þ;

ffiffiffiffiffi
Rv

p� �
(28)

S�k ¼ cholupdate S�k ;X0;kjk�1 � x̂�k ;w
ðcÞ
0

n o
(29)

X�
kjk�1 ¼ x̂�k ; gS

�
k þ x̂�k ; �gS�k þ x̂�k

� �
(30)

Ykjk�1 ¼ hðX�
kjk�1Þ (31)

ŷ�k ¼
X2N
j¼0

w
ðmÞ
j Yj;kjk�1 (32)

In these equations, g ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
N þ k

p
where k ¼ N(a2 � 1), the

weights w
ðmÞ
0 ¼ k/(Nþk), wðcÞ

0 ¼ k/(Nþk) þ (1 � a2 þ b),
and w

ðmÞ
j ¼ w

ðcÞ
j ¼ 1/(2(N þ k)). All matrix-vector opera-

tions in this algorithm are performed column-wise.
Correction. For the calculation of the correction gain Kk

at first the covariances from the predicted measurements and
the covariance of the transformed sigma points and the gen-
erated measurements are calculated to incorporate the mea-
surement noise. Using this information the gain is calculated
and the predicted state x̂�k and the predicted covariance ma-
trix root S�k are updated using the available process measure-
ment yk:
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S�yk ¼ qr

ffiffiffiffiffiffiffiffi
w
ðcÞ
1

q
ðY1:2N;kjk�1 � ŷ�k Þ;

ffiffiffiffiffi
Rn

p� �
(33)

S�yk ¼ cholupdate Syk ; Y0;kjk�1 � ŷ�k ;w
ðcÞ
0

n o
(34)

Pxkyk ¼
X2N
j¼0

w
ðcÞ
j Xj;kjk�1 � x̂�k
� �

Yj;kjk�1 � ŷ�k
� �T

(35)

Kk ¼ ðPxkyk=S
T
yk
Þ=Syk (36)

x̂k ¼ x̂�k þ Kkðyk � bykÞ (37)

Sk ¼ cholupdate S�k ;KkSyk ;�1
� �

(38)

In this algorithm a [ [10�4,1) is a design parameter that
influences the dynamics of the estimator. As it will be
pointed out later the choice of a is not arbitrary. The param-
eter b incorporates some a priori knowledge about the noise
distributions, for Gaussian noise b ¼ 2 is found to be opti-
mal.26 Specific noise models for v and w can be incorporated
quite easily by augmenting the state vector. The covariances
of the noise variables need not be constant but can vary in
time or can be state-dependent.

The SRUKF has various advantages over the widely used
EKF: (1) It does not need analytical derivatives of the model
equations, which are often very difficult to obtain, (2) it also
does not require a special structure of the model equations,
(3) it can be shown that the estimates obtained by the
unscented transform are of at least second order (EKF: first
order), and in case of Gaussian noise even of at least third-
order, (4) the state covariance matrix is guaranteed to be
positive definite, and (5) the computational cost of the
SRUKF is equivalent to that of the EKF.

Remark: Although we focus in this work on the growth of
particles by layering only, other particle phenomena (e.g.,
agglomeration) can be be handled easily by this scheme
without changes to the methodology. This is because of the
aforementioned fact that the SRUKF can be applied to arbi-
trary vector fields and all phenomena can be cast (at least
approximately) into the form of Eq. 22.

Some design guidelines

To design a working state estimator as much a priori
knowledge about the process should be used as possible, for
instance to choose a suitable measurement rate it is of great
help to know the dominant time constant of the process. The

choice of the initial covariance matrix (which determines the
trust in the initial estimate x̂0) is crucial to the performance
of the estimator. Too small values lead to small corrections,
and therefore, slow down the convergence of the estimate to
the process state.

The introduction of additional noise into the estimator can
help to stabilize the algorithm, a fact also known from the
original Kalman filter, see Ruymgaart and Soong.29 This is
especially true if the measurement is almost noise-free.

The parameter a must be chosen such that the Cholesky
downdate of the covariance matrix root in the correction
step is always possible. A measurement interval that is too
large for the process dynamics can lead to a large correc-
tion (e.g., in case of very steep gradients in the state dur-
ing this time interval), which may result in a downdated
covariance matrix that is no longer positive definite. In
this case, the algorithm breaks down. One possible solu-
tion is to choose a new value of a, another to decrease the
time interval of measurements (which need not be equidis-
tant). As it is possible to determine the maximum value of
a — given the correction term and the covariance matrix
— for which a downdate will be successful, it might be
possible to introduce a time-variant parameter ak, but it is
currently not known how the estimator properties are influ-
enced by this.

Simulation Results

To test the SRUKF for both processes the model equations
are discretized by a finite volume method using a first-order
upwind scheme for the growth term. In every simulation N
¼ 100 control volumina are introduced for the discretised
property coordinate. This choice provides an acceptable
tradeoff between speed of computation and numerical diffu-
sion in the solution of the equations.

The equations are implemented in the MATLAB environ-
ment, for the integration the ode15s routine is used, a vari-
able order numerical differentiation formula.30 The estimator
equations were rewritten in order to use the time optimized
linear algebra methods as often as possible.

The process parameters for the batch granulation process
and the continuous granulation process with external classifi-
cation and particle reflux can be found in Table 1 and Table
2, respectively.

In all simulations the only measurement information avail-
able is the average particle size ~y1 [cf. eq. (17)]. The per-
formance of the estimator is judged by considering the error

EðtÞ ¼
Znmax

n0

nðt; nÞ � n̂ðt; nÞð Þ2 dn;

Table 1. Process Parameters for the Batch Spray
Granulation Process

Bed mass (kg) mbed 10.0
Mass flow of nuclei (kg s�1) Mnuc 5.55 � 10�5

Mass flow of suspension (kg s�1) Msus 1.38 � 10�2

Solid density (kg m�3) .s 1000.0
Size of nuclei (m) n0 0.1 � 10�3

Simulation time interval (s) tend 10000.0
Measurement time interval (s) Dt 50.0
Variance of measurement (m2) Rn 10�10

Process noise covariance (m�1s�1) Rv 10�40IN
Design parameter SRUKF a 0.7

Table 2. Additional Process Parameters for the Continuous
Granulation Process

Screen size upper screen (m) nu 0.5 � 10�3

Screen size lower screen (m) nl 0.4 � 10�3

Milling diameter (m) nM 0.35 � 10�3

Milling diameter (osc.) (m) nM 0.2 � 10�3

Measurement time interval (s) Dt 10.0
Design parameter SRUKF a 0.6
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which is normalized with respect to the initial error E0¼ E(t¼ 0).
All simulations are perfomed on a standard personal com-

puter (dual core processor with 2.4 GHz and 2 GB RAM),
time references always denote wall times as delivered by
MATLAB’s tic/toc commands.

Batch granulation process

Three different scenarios were considered to test the
designed state estimator:

1. measurement noise,
2. measurement noise and process noise,
3. wrong estimator parameters (robustness test).
Scenario 1. In this scenario normally distributed mea-

surement noise in the order of 10% of the measurement was
added to the simulated plant measurement to create a noisy
measurement which was then used in the estimation algo-
rithm. As initial condition a bimodal distribution was chosen
for the plant. The initial guess provided for the estimator con-
sidered only a mono-modal distribution, which is overesti-
mated in magnitude by 30%, see the upper part of Figure 7.
This choice leads to a difference in the growth velocity of
the estimator model that influences all states of the model.
This rather large deviation in the initial distributions is cho-
sen to highlight that the known and unknown modes do not
need to overlap in order to be reconstructed, that is, even
large initial errors can be corrected. But, it has to be noted
that the time necessary to compensate the error depends on
the initial deviation.

However, as can be seen in the lower part of Figure 7, the
estimation of the particle size distribution is quite good. The
known but overestimated mode is reconstructed almost
exactly, only a slight deviation in position of the mean and a
slighty too large variance can be noticed. The position of the
second mode — initially unknown — is estimated with a
very small offset, the magnitude of the peak is overestimated
as is the variance. The time evolution of the estimation error
E/E0 is depicted in Figure 8. It can be seen that the error
decreases almost uniformly over time. The error at the end
of the simulation interval can be further decreased by

increasing the simulation time or decreasing the time interval
of measurements (more measurements, more corrections). In
most practical applications, the initial error will be smaller
and the convergence will be achieved much faster, which
allows a use of this estimatior in an advanced control
scheme.

Scenario 2. In addition to Scenario 1 process noise Rv ¼
10�4P0 was added to the estimator model, for example to
incorporate unknown dynamics in the form of small random
external disturbances. For the simulations P0 is calculated by
the dyadic product of the differences between model and ob-
server state. To maintain positive definiteness a small multi-
ple of the identity matrix is added. As can be seen in Fig. 9
the error E/E0 also decreases in time. The decrease appears
to be smoother than in Scenario 1 which might be caused by
the stabilizing effect of noise on the estimator algorithm.

The estimated profile also corresponds very well to the
real density distribution, see Figure 10: The position of the
peaks is almost exactly reconstructed, only a deviation in
the variance and the magnitude of the second mode can be
noticed.

Scenario 3. In practice not all process parameters are
known exactly, or errors might occur in the setup of the esti-
mator parameters. For application the estimation algorithm
therefore has to possess a certain robustness to parametric
errors. In case of the batch granulation process under noisy
measurements this robustness is tested by applying a mass
flow rate of suspension that is 10% larger than the actually
supplied rate. As this parameter is part of the growth rate
this error affects all states of the estimator.

In Figure 11 it can be seen that even in this case the esti-
mation error decreases. It can also be seen that at t ¼ tend
the error is larger than in the other two scenarios. The esti-
mated profile (Figure 12) shows a larger deviation in the
position and the magnitude of the peaks. The variance for
both modes is also overestimated.

Because of the difference between the estimator model
and the reference process the estimation error will never
decrease to zero. The error in the estimator model will
always produce predictions that deviate from the reference

Figure 7. Profiles of the particle size distribution den-
sity at t 5 tend of the plant and the observer.

Figure 8. Time evolution of the normalized estimator
error E/E0 in case of noisy measurements.
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process. These deviations are largely compensated in the
update step, but will increase again in the next prediction
interval. If the source of the model error is known, one can
try to estimate this one as well. In general one will never
have a perfect estimator model, and therefore, has to accept
a nonzero estimation error.

This result shows that in case of a batch granulation pro-
cess the estimator is able to compensate up to a certain
degree parametric errors, but to get most precise estimates it
is necessary to supply precise parameter values.

Continuous granulation with external classification

For each regime of the continuous process the estimator
was tested in the following situations:

1. measurement noise,
2. robustness with respect to parameter errors (same

dynamic regime),

3. robustness with respect to parameter errors (different
dynamic regime),

In the following a leading ‘‘1’’ denotes the set of process pa-
rameters that yield a stable steady-state behavior, ‘‘2’’ denotes
the set of parameters that lead to an oscillatory behavior. The
second number then denotes the situations described above.

In all cases the simulated measurement from the plant
model is disturbed in the order of 10% of the measured
value to create a noisy measurement for the designed
SRUKF. It has to be noted that the same SRUKF was
designed and tested for both dynamic regimes.

Scenario 1/1. In this first scenario only measurement
noise is taken into account. As an initial condition a uniform
particle size distribution with a prespecified mass is chosen

Figure 10. Estimated size distribution density in case
of measurement and process noise.

The results are almost identical to Scenario 1.

Figure 11. In case of parametric errors the estimator
error also decreases.

This decrease is slower than in the other scenarios and
tends to a fixed value.

Figure 9. Evolution of the estimator error in case of
measurement and process noise.

Figure 12. Reconstructed size distribution density in
the presence of parametric model errors.

As expected the parametric errors are only compensated
up to a certain degree.
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for the plant model. The estimator model is initialized with
a distribution that is off by 30% (upper part of Figure 13).
As in case of the batch process this large initial error will
slow down the convergence but show that even large errors
in the profiles can be corrected. In most practical applica-
tions, the initial error will be smaller and the convergence
will be achieved much faster.

A characteristic plot of the simulated (noise-free) process
measurement, the noisy measurements used in the estimator
and the measurements calculated from the estimated states is
shown in Figure 14. After a certain time the measurement
attains a steady-state value. In the estimator error plot, Fig-
ure 15, it can be seen that the error decreases to zero, the
size distribution and the estimated distribution are almost
indistinguishable, see Figure 13 (lower part).

Scenario 1/2. In this scenario the robustness of the esti-
mator for the continuous process is tested with respect to
parametric errors. The diameter nM of the mill that crushes
the oversized particles from the first screen is set to a two-
and-a-half percent larger value in the estimator than in the
model of the process. This influences the particle reflux and
through this the growth rate in the estimator model.

In Figure 16 the estimator error for this scenario is plot-
ted. After a short initial period where the error increases, the
SRUKF is able to correct the state estimates. The error then
decreases showing damped oscillatory behaviour before it
reaches a steady-state offset. In Figure 17 which shows the
absolute value of the difference between the size distribution
and the estimated size distribution it can be seen that the es-
timator error lies in the interval of the milling diameter error

Figure 13. Initial and reconstructed state profiles of
process and estimator model for the contin-
uous granulation process (steady-state).

Figure 14. Simulated plant measurement (dashed),
noisy measurement (1), and estimated mea-
surement for the continuous process
(steady-state regime).

Figure 15. Time evolution of the estimator error for the
continuous process under noisy measure-
ments (steady-state).

Figure 16. Plot of the estimator error versus time in
case of a parametric error in the estimator
(same dynamic regime).

After a brief period where the error is larger than the ini-
tial one, E/E0 [ 1, the error is decreased to a steady-state
value.
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and is only slightly corrected. In the profiles one observes a
shift of the estimated distribution to higher particle sizes
(Figure 18). It can be concluded that the milling diameter
has a strong influence on the functionality of the estimator
and that error can hardly be compensated.

Scenario 1/3. As a last test the process model is set up
for the steady-state regime, whereas the estimator model is
set up for the oscillatory regime by an appropriate adjust-
ment of the milling diameters. All other conditions and pa-
rameters remain unchanged. As can be seen from the error
plot in Figure 19 the estimator is not able to reconstruct the
state profile as E/E0 is greater or equal to one for almost the
whole simulation interval. An inspection also shows that
values for the size distribution are estimated that are not
physically meaningful, for example, negative particle size
densities. This is because of the great differences in the

dynamic behavior of the two processes, which can not be
compensated by the estimator.

Scenario 2/1. In this scenario it is tested how the estima-
tor performs in case of an oscillatory process behavior.
Therefore, a milling parameter is chosen that leads to sus-
tained oscillations in the particle size distribution density
which is shown qualitatively in Figure 6. Here, we used the
same initial condition as in the steady-state case, as it pro-
vides oscillations with a reasonable amplitude and period.
The reconstruction also works for other initial distributions
in the process as long as the initial profile of the estimator is
close enough to this one.

To fulfill the requirements of the estimation algorithm
(see the remark above) the measurement time interval has to
be decreased. As in the batch process scenarios a constant
time interval is chosen. As can be seen in the plot in Fig-
ure 20 the error decreases only very slowly and nonuni-
formly. The error peaks correspond to the peaks in the size
distribution and are due to the fact that the initial error in
the profiles of process and estimator model introduces an
error in the growth rate that leads to a deviation in the (tem-
poral) position of the peaks. For times where theses peaks
do not occur the estimation of the profiles is quite good —
only a slight overestimation of the magnitude occurs, see
Figure 21. However, the magnitude of the peaks is decreas-
ing so that with a further increase of the number of measure-
ments (and therefore state corrections) the convergence of
the error to zero can be accelerated. The price that has to be
paid for this is the increase in computation time. With the
choices made for this scenario the estimator uses almost
eighty percent of the simulation time. A further increase in
the number of measurements will also increase this ratio,
which will make it difficult to use the scheme in feedback
control mechanisms, which also need time to calculate the
appropriate control inputs to the process.

Figure 17. Three-dimensional plot of the absolute dif-
ference between size distribution n and esti-
mated distribution n̂ for the robustness test.

Figure 18. Comparison of real and estimated process
profiles under parametric model errors in
the same dynamic regime (steady-state).

Figure 19. Plot of the estimator error for parametric
errors.

The errors are such that the dynamic regimes of process
and estimator model are different. As E/E0 [ 1 for almost
all times the estimation is not successful (steady-state).
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Two possible solutions to this problem are now described
briefly: First is the use of parallel implementation of the esti-
mator algorithm on a network of computers in order to prop-
agate the sigma points in the prediction step (the most time-
consuming task). This is possible because the propagation in
time of one sigma point is independent of the propagation of
all other sigma points. As was demonstrated in Mangold
et al.14 this reduces the wall clock time significantly.

Another possible solution is the aforementioned use of a
priori knowledge on the process. In this case, the time inter-
val of measurements is chosen such that the dynamics of the
process is taken into consideration: During times where the
changes are quite slow a larger measurement interval is cho-
sen, at times where steep gradients appear the number of
measurements is increased significantly. This approach is
demonstrated in Figure 22. The time intervals where the
number of measurements has to be increased are determined
from process simulations.

The estimator error, depicted in Figure 23, shows the posi-
tive effect of this adapted measurement intervals, compare
Figure 20. Although the qualitative behavior is similar to the
case of a constant measurement interval the magnitudes are
in general lower and the overall decrease in the error is
larger. The errors that correspond to the peaks in the distri-
bution are reduced significantly, see for instance the peak at
t � 4500 s. The quality of the estimated profile is as good
as in the constant interval case. However, as the total num-
ber of measurements is smaller than in the aforementioned
case the wall clock time is reduced to about 50% of the sim-
ulation time. This provides a better time margin for the use
of the estimator in feedback control schemes.

Scenarios 2/2 and 2/3. As a first robustness test an error
in the milling diameter of the estimator model is introduced.
Both models are still in the oscillatory regime. For the esti-
mation a constant measurement time interval is used.

Figure 20. Plot of the estimator error versus time.

The decrease is nonuniform and large peaks appear (osc.
regime, constant measurement time interval).

Figure 21. Estimation result of the particle size density
distribution for nonpeak times (osc. regime,
constant measurement time interval).

Figure 22. Simulated plant measurement (dashed), noisy
measurement (1), and estimated measure-
ment for the continuous process with process-
adapted measurement interval (osc. regime).

Figure 23. Estimator error evolution for the oscillatory
process with dynamic-adapted measure-
ment intervals.
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The error decreases nonuniformly with intermediate
increases, but a good estimation of the profile is achieved with
a slight deviation in position and magnitude of the peaks.

A robustness test for different dynamic regimes of the mod-
els shows that the estimator is not able to reconstruct the par-
ticle size distribution, that is E/E0 [ 1 for almost all times.

These results show that the estimator is only able to com-
pensate parametric model errors up to a certain degree. If a
change in the dynamics occurs due to the error the state esti-
mation is not successful.

Summary and Outlook

In this work, we presented an application of model-based
measurement for the determination of particle size distribu-
tions to two practically relevant granulation processes. We
have shown that in principle every (normalized) moment of
the size distribution density satisfies the conditions of struc-
tural observability, which is necessary for the use in such a
measurement scheme. Afterwards SRUKFs were designed
and implemented that allowed the dynamic estimation of the
particle size distribution density from noisy process measure-
ments. Simulation results show that the scheme is usable for
this type of process and different regimes of dynamic behav-
ior, even in the presence of large measurement noise, pro-
cess noise or parametric model errors. It was also shown
that the state estimation is only successful if the parametric
model errors do not induce a qualitative change in the
dynamics of the processes.

Next will be the validation of these results by using mea-
surement data from experiments, and the comparison of the
performance of this estimator with other state observation
schemes, for example, a steady-state observer for the contin-
uous process in its steady-state regime. To increase the speed
of computation of the estimator algorithm the use of special-
ised numerical methods will be investigated that provide a
comparable accuracy in the solution with a smaller number
of grid nodes. Ultimately, the estimated state profiles will be
used in a feedback control system to shape the particle size
distribution density directly.
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